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QUASI-MONOCHROMATIC WEAKLY NON-LINEAR WAVES
IN A LOW-DISPERSION BUBBLE MEDIUMY

N. A. GUMEROV
Tyumen

(Received 18 April 1991)

The propagation of quasi-monochromatic wave packets in a rarefied polydispersed mixture of a weakly
compressible liquid with a finite number of fractions of differently sized gas bubbles is considered. Two
equations for the modulation waves are derived by the multi-scale method in the cubic approximation in the
wave amplitude: the non-linear Schrodinger equation ignoring dissipation effects and the Landau-Ginzburg
equation for low dissipation due to the viscosity of the liquid and heat losses associated with bubble
vibration. The coefficients of the non-linear Schrédinger equation are investigated to analyse the non-linear
(modulational) stability of waves in a monodispersed non-dissipative bubble medium.

A LINEAR dispersion relationship has been previously obtained for acoustic waves in a polydispersed
bubble medium without dissipation [1] and for waves in a dissipative medium [2]. The general
scheme for deriving the amplitude equations by the asymptotic multiscale method has been
described in several monographs (see, e.g. [3]). Modulation equations have been obtained [4] for
waves in a monodispersed bubble chamber by Whitham’s averaged Lagrangian method [5].

1. THE EQUATIONS OF MOTION IN A NON-DISSIPATIVE MEDIUM

The plane one-dimensional motion of an ideal weakly compressible liquid with a low volume
content of spherical gas bubbles (a,<1) under conditions when thermal dissipation and capillary
effects can be ignored is described by Iordanskii’s equations [1, 6, 7]
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dtp + paxv = O, pdtv + axp = O, d,n,— + njaxv =0

1 [ajd,zaj + —g—(dgaj)z] =pi—P Pi—pPo=Cr"(P—po) p=p(1 — o)
1.1
s N
P; = Po (ajO/aj)3u7 a; = 3 J""n‘jaja’ Qg = Eajﬂ ] = 27 oo ay N
=2

Here p, p and v are the density, the pressure and the velocity of the mixture, a;, Dj»> o and n; are
the radius, the pressure, the volume fraction and the number of bubbles of fraction j per unit volume
of the mixture (j =2, ..., N), p; and C, are the true liquid density and the velocity of sound in the
pure liquid and x is the polytropic exponent (x = vy, for adiabatic and % = 1 for isothermal vibrations
of the bubbles where v, is the gas adiabatic exponent). The zero subscript denotes the unperturbed
state, d, = 9,+ vd,.

An analysis of wave propagation in bubble systems [7] shows that the characteristic scales of
variation of the density and the velocity of the medium are respectively given by p, = poa,o and
V. = (agoPo/po)"?, and the characteristics wave velocity is C, = [po/(az0po)]"?. Introducing the
dimensionless variables

a; = a)'layg — 1, p = p'lpg — 1, p = (0" — po)/py. ¥V = Vivy, & =
= ay/a, 1.2)

t = t'/ty, = 2'lzy, t, = a, (Po/Po)%, Ty = ayogi,

b2 = py/(p10Ci20g0)
where the prime denotes dimensional variables and a, is some representative bubble radius (for a
monodispersed medium, this may be a,), and ignoring quantities of the order of oy and | p;— pio | /pi
compared to 1, we eliminate v from system (1.1) and write the dimensionless equations

d2p —0fp =0, p—1 —0p + (1 + a)® =0

A1 + a) 0%a; + 3/, (Gra))l — (1 + )+ p+1=0 (1.3)
j=2,..,N
Here and henceforth, angle brackets denote the action of a linear operator
N
R 1 P — ﬁg. ] —
i = sz,fj, Vi = a,' 1= 2,..,N (1.4)

(v; is the proportion of jth fraction bubbles in the total bubble volume).

2. DERIVATION OF THE AMPLITUDE EQUATIONS

Consider Eqs (1.3) and (1.4) in the neighbourhood of the equilibrium state p =0, p =0, ;= 0,
representing the solutions by asymptotic series in the small parameter ¢ (the relative perturbation
amplitude)

P= D€EPm 0= NeEPm a;= 2 ", (j=2,...,N) 2.1

m=] m=1 m=1
The dependence of the unknowns on x and ¢, according to the general idea of the construction of
uniformly valid expansions by the multiscale method [3, S, 8], is viewed as the dependences on the
sets of “‘slow” coordinates and times {x,}, {,}, x;,=€’x, £, =€’t,5=0,1,2, ... All x, and ¢, are
assumed to be formally independent, and the differentiation operators are represented as power

series in €
2 a
8, = Ze*ax,, =Y €0 Opy= s Oy = 2.2)
8=0

=0 s s
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Substituting (2.1) and (2.2) into (1.3) and collecting terms with equal powers of €, we obtain in
the mth approximation the linear non-homogeneous system

a:cozpm —_ atozpm = fm» Pm — bzpm + 3 <ajm> = fm (2 3)
gjzafozajm + 3na]'7"' + p'" = h’j"” ] = 2' L ] Nv m == 11 21 LI

Here f,,, 8 and hj,,, are determined from lower approximations.
Let us consider partial solutions of system (2.3) in the form

Am = Amo + g,o (Xmn€™® +c.c.), O =kry—owty, YX=0r0a;7 & h; 2.9
n

where 6, k and o are the phase, the wave number, and the angular frequency, X are the complex
amplitudes that depend only on x,, ¢, s=1 and the symbol c.c. stands for the term which is the
complex conjugate of the first term in parentheses. By the orthogonality of the trigonometric
system, we obtain for the nth harmonic in the mth approximation
n2pon (k2 — 302 (A7) — 020%) = n2e? (gh, — 3 (Ajhjmnd) — fmn
agmn = A;rli (hfr')mn - p?nn), p?nn == g'(r)nn -3 <A;711h‘}mn> -+

+ 13 CA7> + b pan (2.5)

Ajp = 3% — EPe?n?, j=2,.. ,N,m=1,2,...,n=01,...

Now suppose that we have the dispersion relationship [1] (see Sec. 3)
k2 = @? (b2 + 3 (A7) (2-6)

Then for solutions of the form (2.4) to exist it is necessary that the resonance harmonics f, g and 4;
satisfy the following conditions:
for n=0: 00 =0, m=1,2, ... 2.7

The zeroth-harmonic solution is obtained up to an arbitrary value of p,n°:

Pro = Zmo — %7 [(Ajmd — (1 + %b2) phl, (2.8)
@jno = /3%t (Wjmo — Pro)
for n = 1: 0% (g9 — 3 <A Ajm)) — fou=0,m =1, 2,... (2.9)
The first-harmonic solution is not unique either. Using relationships (2.5) and (2.9), we obtain
O = @72 (fon + A2phr)s @mn = AF} (R — pS) (2.10)

For all other n, we assume that if (2.6) holds, then (Aj;1 Y#E (Aj]l ). In this case, a unique solution
exists [see (2.5)]:

n*o? (g('r)nn —3 <A—1hn )y — f?nn

po _ in"imn

" 3n%0? (A71 — ATl

Thus, relationships (2.5), (2.8), (2.10) and (2.11) determine the nth harmonics in the mth

approximation. The existence conditions (2.7) and (2.9) “control” the behaviour of the complex
amplitudes, subjecting them to corresponding differential equations in the “slow” coordinates.

, n>=2 2.11)

3. THE FIRST APPROXIMATION

Suppose that the main harmonic is the monochromatic signal p; = (p;,°exp(i6) + c.c.). In the first
approximation, system (2.3) is homogeneous (f; = g1 = hj; = 0) and the existence conditions (2.7)
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and (2.9) are satisfied. The non-trivial solution (p,,"#0) exists only if the dispersion relationship
(2.6) holds, and from (2.10) we have

Ph = ¢p P iy = — AP J =2 ..., N (cp = wlk) (3.1)

Figures 1 and 2 plot the wave number & (the solid curves), the phase velocity ¢, = w/k (the dashed
curves) and the group velocity c, = dw/dk (the dash—dot curves) of sound as a function of the
frequency w for a monodispersed mixture (§,=1) and a two-fraction mixture (N =3, &, =1,§ =2,
v, = v3 = 0.5) of water with sufficiently large air bubbles for a pressure p, = 10° Pa, temperature
Ty = 293 K (po = 1000 kg/m> and C; = 1500 m/s), and volume content o =2 X 107* (x = y, = 1.4
and b* = 0.222). As we see from (2.6), the equilibrium velocity c, and the frozen velocity ¢; of sound
in the mixture are given by

ce = lim ¢p = lim ¢g = (B2 4 «"1)™%, ¢; = lim ¢, = lim ¢; = b7? (3.2)
@0 -0 w—+co 0—+00

The vertical dotted lines in the figures mark the boundaries of the w-regions where k<0 (the
so-called “acoustic opacity bands” of the medium [7]). Note that for an M-fraction mixture the
number of such bands is M, the lower bound «,; of each band is equal to the resonance frequency of
the jth fraction bubbles w,* = 3x/£?, and the upper bound w;; is the root of the equation k (w) = 0.

4. THE SECOND APPROXIMATION

Substituting relationships (2.1) and (2.2) into (1.3) and collecting terms in €2, we obtain from
(2.3)

fa = 2 (040011p1 — 000,1P1), &2 = —3 (@j1®) 4.1)
hjz == —-§,-2 [ajlagozajl + 3/2 (6,0ajl)2 ’I-' 26,06“@1] + 3/2‘){ (3% + 1) ajlz
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From (4.1) and (3.1) we obtain all the harmonics (2.4) of the functions f>, g, and Aj»:

fae® = 0, for® = —2ik (cp“‘aupu" + 0p1%, far? = 0
B20° = —6 (A DI pn® 2 £2° =0, g2" = =3 {AH (pu)?
- o o . = s o 1 " o
Bl = WPAG [P’ By A= — 208 A PY" g = 5 ‘F?)Aﬂz (Pn)?
W0 =3 (3x + 1) —Efe?, V@ =3x(3x + 1) + 5E %" 42)
Condition (2.7) is satisfied, and therefore from (2.8) and (4.2)
P2® = —xt (YDA [ pu® 2 + c72pgo® WD = 9 (x + 1) — §f0?

agzo = 1/ [Wj(i)AJle [ P 2 — P2o”l (4.3)
Condition (2.9}, using (2.6), gives the equation
3;1})119 + Cgaaqpno = 0, ﬁg = dﬂ);jdk = (Cp-i + 35'330)2 <§f2Aj1‘2>)—1 (4.4)

which is consistent with the general theory [3, 5]. Equation (4.4) shows that it is helpful to change to
a comoving system of coordinates that moves with the group velocity:

pu® (21, tia Tpa By, . . ) = P’ (Mo Ty, By - S Th = I — ¢ls (4.5)
Using (4.5), we obtain from (2.10)
par® = —2i (wey)™ (1 — cgep™) Oqupn® + 572010 @)5° =
= 2ZCgAjl~20)§jzaq1p“0 -_— Aﬂ-ip’lo (46)

The harmonic » = 2 is not a resonance harmonic, and therefore from (2.11), (2.5}, (2.6) and (4.2)
we obtain

3 g p = - -1y — .
Pa® = — 5 CYIOATARY AR — AT (P W7 =3k (x + 1) — E a2
sz = C;ng'b a?zz = A;EI [ 2‘1'?)5512 (Pgl)z - sz] 4.7

5. THE SCHRODINGER EQUATION
Substituting (2.1) and (2.2) into (1.3), collecting terms in &> and comparing with (2.3), we obtain

fs = 0n®p1 + 204901301 + 28490112 — 0:12P1 — 2000901 — 20,00:1D9 (.1)
gy = —(Banaz; + a;i%), hys = —§;2 lapdie’an + 850120, +
~+ zajlatoailajl -+ 2ataatxajg + Oa; + zatoatsajl -+
+ 3 (3naj1 + O10812) Orpapn] + 3% (Bx + 1) apayy — Hyx (3n +-
+ 1) 3% + 2) a;®
We thus see that the third-approximation spectrum consists of the harmonics n =0, 1, 2, 3, and
30 = 0. Therefore, the first existence condition (2.7) is satisfied. To satisfy the second existence

condition (2.9), we isolate the first harmonic in (5.1). Denoting complex conjugation by a bar, we
find from (5.1), using (3.1), (4.5) and (4.6)

fan® = —2ik (cp70sy 1~ Ora) px® — (Bep26g® — dep ey + 1)Ini?p0® +
- 2k (cyteg — 1) Fqupa®

y 0 0 0 0 0
ga® = —3 (2aJ110% + 2431850 + ajn | @i | 2,

0 o 0 R . -1
hjpn = —E;2 [@? (ajaje — amajm + 29@1\!13&?:13 s
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— ¢) (A + 40%E2A5) Onpu® — 2iwcy Aj{n;py’l +
+ 3% (Bu+ 1) [a?ua‘j)zz + aguagzo — ,(3% + 2) a‘}nl a?u |2] (5.2

Note that (5.2) contains two undefined quantities p»;° and p,° [through a;5", see (4.3)]. The first
is automatically eliminated when (5.2) is substituted into (2.9); the second must be determined from
supplementary considerations. To this end, we turn to the fourth approximation. We can directly
show that

fao® = 01:%020° — 0x1®P2o® = Oni® (¢4%P20" — P2o”)

Since the fourth-approximation solutions exist only when conditions (2.7) are satisfied (fyo° = 0), we
may assume without loss of generality that px* = c,”pa® (indeed, py” is determined by quadratic
non-linearity). This and (4.3) give

Pa® = — %7 (e — )T KYIALD | pu® P (e = b2 + %) (5.3)

Now, with all the quantities expressed in terms of the complex pressure amplitude p;;°, we can
substitute (5.2) into (2.9) and use (2.6), (3.1), (4.2)—(4.4), (4.7) and (5.3) to obtain

i (B + €40xs) p1a® + BOns?pus® + Y1 [ Pu° P =0 (54
B = tadeg/dk = Yykte {1 — cg? [5 (eqcg)™t — 4oy + 120% (B AAL D]
Y = Ysceep@ (%7t [CH WA, 4+ w7t (6572 — ¢72) ™ (Y 0A,7)%) —
—3, [KY®A™) — 3 (FOY,OA; T AR™ +
+ 9 YA A, D2 A — Ap™D)
(W, = 2732 (x + 1) + 26%,2)

Changing to a coordinate system that moves with the group velocity n, = x3 —c,£, and taking
p1’=A(m, m, &, . . .), we obtain the non-linear Schrédinger equation (NSE) in standard form
(3, 5]

{034 + POn?A +yA [A =0 (5.5)

Figures 3 and 4 plot the frequency dependence of the NSE coefficients -y (the solid curves) and
(the dashed curves) for monodispersed (Fig. 3) and polydispersed (two-fraction, N = 3, Fig. 4)
mixtures with the parameters x = 1.4 and b* = 0.222. In Fig. 3, the vertical dash—dot line delimits
the acoustic opacity bands of the medium (see Fig. 1), the vertical dotted line corresponding to

Yp ! ! b
v 1 |
=\ - 0.1
; |
I | s
i ?‘\\ j " )’
. -
3 GRS L W= 0
NI ag
‘ . e R w
g wy Y 8 5 10 5
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o = w, is the asymptote of v [the frequency w, is the root of the equation c,(w) = ¢, and for w— w,
from (5.4) we obtain |y|— «; geometrically, o, can be obtained from Fig. 1 by continuing the line
¢ = ¢, to its intersection with ¢ = c,; at the points w = 0 and @ = w,, the tangents to k (w) have equal
slopes].

Curves 1 and 2 in Fig. 3 correspond to & = 1.6 and & = 3 with & = 1, v, = v3 = 0.5. They have
been constructed in the frequency range w <w,, = (3%)"2. In the first case, we have a singularity in y
for ® = w, (the vertical dotted line) when (A;; ™ (w5 )} = (A" (w4 )) and | y|— = for o— w4 (5.4);
in the second case, no such singularity is observed (it exists for the two-fraction mixture with & = 1,
v, = v3 = 0.5 only when 0.5<§;<2; geometrically (see Fig. 2), the existence of this singularity is
equivalent to the existence of the line k= Aw that crosses two branches of the dispersion
relationship k = k(w) at the points w = w, and o = 2w, , respectively). The vertical dash—dot lines
in the figure represent the resonance frequencies of the large-bubble fraction (w,s” = 3x/£€;°) that
correspond to the lower bounds of the low-frequency acoustic opacity bands; the upper bounds of
these bands can be determined from the (finite) limiting values of B and vy (the arrows on the
curves). Note that the qualitative behaviour of § and v for polydispersed mixtures in the region
> w,; is the same as for the monodispersed mixture (Fig. 3).

6. MODULATIONAL INSTABILITY

The question of the non-linear modulational instability of wave packets in a non-dissipative
medium can be investigated by analysing the signs of the NSE coefficients 3, 5]. Thus, the case
By<O0 corresponds to (neutral) stability and the case By>0 corresponds to Benjamin-Feir
instability [3], when the NSE has solutions in the form of wave envelope solitons.

Of the greatest interest apparently are the stability regions in parameter space. However, already
for a monodispersed mixture, this space is three-dimensional (w, b, %) and its dimension increases
by two with the addition of each new bubble fraction (v; and ;). The number of zeros and
singularities of the NSE coefficients, reflecting the interaction of different branches of the dispersion
relationship, also substantially increases in this case (see Figs 3, 4).

As an example, consider the important theoretical case of a monodispersed mixture. The polytropic
exponent x is fixed, and w and b are arbitrary [the parameter b characterizes the ratio of the carrying phase
compressibility to the compressibility of the phase associated with the bubbles; thus for an incompressible
carrying phase (C; = 0) b = 0, for a medium without bubbles (oo = 0) b = =, see (1.2)].

The results of analysis and calculations of the stability regions (w, ) and (k, b) using relationship (5.4) for
» = 1.4 are presented in Figs 5 and 6. The stability region By <0 is not hatched, and the acoustic opacity band
(k*<0) is shown by diagonal hatching in Fig.5. At the fundamental signal frequencies w<w, the wave
envelope soliton is not created (By < 0), and therefore if we consider the evolution of perturbations with a given
wave number, then from the two branches of the dispersion equation (Fig. 1) w_ (k), w, (k) the lower branch
(w_(k)<w,) is stable for any k and b. The curve w = oy [w,2 =3(b~2+x)] (the dash—dot curve in Fig. 5)
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corresponds to the line k = 0 in Fig. 6 (Fig. 6 plots k corresponding to the upper branch o, (k)= w; of the
dispersion relationship). The dashed curve (in Fig. 5 with the vertical asymptote shown by the dotted line) is
the curve @ = w, [c,{w.) = c,, Fig. 3] with the parametric equation

@ = 3uzl (1 4 22), K =3z (1 + 22¥(4 + 22 {t —z)?
B=xt (1 + 24 2 4 271 — ), 02 <1

The singularity of the coefficient vy on this curve is avoidable only at the point M[zy; = (3% +1)™!], where the
dashed curve touches the solid curve that corresponds to y = 0. The second solid curve delimiting the
high-frequency instability region corresponds to the second zero of the coefficient vy (see also Fig. 3). The curve
in Fig. 6 has a limiting point k = V2. Note that the instability generated in the neighbourhood of the curve
o = w, physically corresponds to the Benney long-wave/short-wave resonance [3].

A general result for mono- and polydispersed mixtures can be obtained by examining the
principal terms of the low- and high-frequency asymptotic forms of the coefficients of the NSE (5.4):

B lowo ~ —agn 2 0™ (82, ¥ oo~ Y72 (x4 1)2%c, 207 (§2H7! (6.1)
ﬁ fosoo ~ 3/25f4m—3 <§jq2>9 Y o ~ 1/27‘“1012(0‘3 (<§j“¢> -

— (DY) (g = b7Y)

For a monodispersed mixture (§,=1), the asymptotic form of y as w-»>« has the form
y~%c/ w™>. By Holder's inequality (§,*)=(£72)%, and therefore for mono- and polydispersed
mixtures we obtain from (6.1) By <0 for w— 0 and By>0 for @— . This corresponds to stability of
low-frequency waves and instability of high-frequency waves.

7. LOW DISSIPATION. THE LANDAU-GINZBURG EQUATION

Let us now return to the original system of equations (1.1). For a viscous liquid with interacting
phases and thermal dissipation, which may be obtained by solving the internal problem of heat
conduction in a gas [7], the Rayleigh-Lamb equation and the polytropic oscillation equation are
transformed [7] into the following equations:

&




58 N. A. GUMEROV

[V} [a,d,za, -+ 8/, (dga,)zl + 4pla,“‘d¢a, =p;—p (7.1)
Py tdip; + 3vga;7tdia; = —3 (g — 1) 4,707y, @5 = —Mg (0, T )rems (7.2

Here g; is the heat flux across the phase boundary, 7; is the temperature field inside a jth fraction
bubble (r is the radial coordinate reckoned from the centre of the bubble) and w;, A, are the
uynamic coefficient of vi vuwuau_y of the li uqulu d and the thermal uuudubuvuy of the gas.

Let us consider a typical case when the characteristic oscillation frequencies w,, are such that the
characteristic thickness of the unsteady thermal boundary layer in the bubbles. 87 = (1, D/w )12
(v,7 is the thermal diffusivity) is much less than the size of the bubble (87 <a;) and the oscillations
of the bubbles are nearly adiabatic (x = v, ). Let us estimate the orders of the terms in Eq. (7.2).
Both terms on the left- hand side are of the same order (sw,), while the term on the right-hand side
is ~eajo ' po N, Todr~ (q, eNd7 'Ty). The ratio of the latter to the former is of the order of
dr/ian<l (vg(T) = N/ (Pg0Cpg » Po = PRy To, Ry/cpg = 1-v,7"; pg, Ry, ¢, are the density, the gas
constant, and the heat capac1ty at constant pressure) Thus, if 87/a;~¢™ <1, then up to the
(m + 1)th approximation in & we can use the value of g; obtained by solving the linearized he

e VARGV LRI WSV s YAduv Vi Yy Vluaanvua Uy sy i 111G AL 1IN a&

conduction problem and linearize the right-hand side of Eq. (7.2):

0, T; = v{Tr 28, (r29,T;) + (pgocpe)'dpj, T; lrmage = T (7.3)
(for the gas inside the bubble we use the homobaric condition d,p; = 0 (7]). The solution of problem
(7.3) is well known and in the case 87/a;<1 it has the form

vy
g = (___.; ) S (t— )% dep, (v) dv (7.4)
In view of the above p;/po = (a;/aj0) >*[1 + O(8r/a;)]. Thus, making the appropriate substitu-
tion in (7.4) and integrating Eq. (7.2) with the linearized right-hand side, we obtain

ﬁ-—_—_ (g_j>-3?g[i+ g'l’g(l’g"'i} ( ))’f; § (t—1)% [:_;.L_{Jd-;] (7.5)

be %jo 4o )

Using the dimensionless variables (1.2), we can finally write the Rayleigh-Lamb equation, which
takes into account, in the linear approximation, viscous and thermal dissipation, in the form [see

(1.3)]
. +a)dda; + 2 00) 1 — (1 +a) e+ p+1=

t
= —odea; + —g:—’—y { ¢—rysa,man (7.6)

ay = 4u/(poty), a1 = 9?3 (ve — 1) (ve™t,/a,2)%

Let us now consider a procedure for deriving the amplitude equations. To ensure that dissipation
appears only in the third approximation, we should formally take , = 2, ?, ar = e?ar@; a,©,
ar? = O(1). Then only the function A3 changes [see (5.1)], and on the right-hand side of (6 6) we
should take ¢ = fy, a; = a;;. Seeing that a;; = (a}};exp(i8) +c.c.), and evaluating the integral (the
Fresnel integral), we find an additional term (associated with dissipation) to the first harmonic A;3;°
in (5.2):

KD = liwa,® -+ (1 + i) &7 (20) %aYlad,

Using (3.1) and the existence condition (2.9), we obtain an additional term in the NSE (5.5). This
additional term reduces the NSE to the Landau—Ginzburg equation (LGE) [3]

10,4 + ad + Pon2A + yA A 2 =0, a = ag + ia (7.7)

-1 A ~ 3
ohepe,af? BT, a1 = - 0fcgen (ALY + or

3
aAp =
R=35v2
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At high frequencies we have

3 _7 3
%R foeoo ~ %3 efao” &% arlus ~ 5 cfeP0™ B + an

Comparison with formulas (6.1) shows that at high frequencies the viscosity of the liquid starts
playing a dominant role, suppressing the high-frequency non-linear instability.

In conclusion we note that the LGE theory has been developed much less than the NSE theory,
because in general the LGE is a non-integrable equation [3]. Nevertheless, the LGE, like the NSE,
arises in the description of many physical systems [3] and is an important object for research,
analogies, etc.
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RENORMALIZATION GROUP METHOD FOR THE PROBLEM
OF CONVECTIVE DIFFUSION WITH IRREVERSIBLE
SORPTION
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Moscow
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The renormalization group method is used to analyse the propagation of a thin solute slug in a seepage flow
with account of diffusion and sorption processes. Sorption is assumed to be partially irreversible and is
described by an isotherm with a hysteresis loop. A general technique is developed for analysing the
problem. Calculations for the self-similar case are presented and the results are shown to be sufficiently
accurate compared with the exact solution.

A NUMBER of problems in the theory of solute transport by seepage flow require consideration of the
irreversibility of sorption in the porous medium. Irreversible retention of the solute is particularly

t Prikl. Mat. Mekh. Vol. 56, No. 1, pp. 68-76, 1992.



